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Abstract 



Some problems related to an algebraic approach to quantum statis- 
tics are discussed. Quantum statistics is described as a result of in- 
I teractions. The Fock space representation is discussed. The problem 

of existence of well-defined scalar product is considered. An example 



lO ■ of physical applications is also given. 

oo ■ Introduction 

^ ■ In the last years a few different approaches to quantum statistics which gen- 

■ eralize the usual boson or fermion statistics has been intensively developed 

^ . by several authors. The so-called g-statistics and corresponding g-relations 

j> i have been studied by Greenberg |]I], ^, Mohapatra Fivel |^ and many 

I others, see P, for example. The deformation of commutation relations 

' for bosons and fermions corresponding to quantum groups SUq{2) has been 

given by Pusz and Woronowicz p, ^. The g-relations corresponding to su- 
perparticles has been considered by Chaichian, Kulisch and Lukierski [[10|] . 



Quantum deformations have been also studied by Vokos [^, Fairle and Za- 
chos [T^ and many others. 



Note that there is also an approach to particle systems with some non- 
standard statistics in low dimensional spaces based on the notion of the braid 
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group Bn fl^, |14| . In this approach the configuration space for the system of 
n-identical particles moving on a manifold A4 is given by the formula 



QniM) = {M''^-D)/Sn 



where D is the subcomplex of the Cartesian product A^^" on which two or 
more particles occupy the same position and Sn is the symmetric group. The 
group TTi {Qn{M)) = Bn{M) is known as the n-string braid group on M.. 
Note that the group S„(A1) is a subgroup of Bn{M.) and is an extension of 
the symmetric group Sn describing the interchange process of two arbitrary 
indistinguishable particles. It is obvious that the statistics of the given sys- 
tem of particles is determined by the group S„ |1l3| , The mathematical 



formalism related to the braid group statistics has been developed intensively 

M |2ll] for example. 



by Majid, see |]I5|, [Tg, |T8|, [T^, ^ |21[ for example. It is interesting that all 
commutation relations for particles equipped with arbitrary statistics can be 
described as representations of the so-called quantum Weyl or Wick algebra 
W. Such algebraic formalism has been considered by Jorgensen, Schmith 



and Werner ||3T[ and further developed by the author in the series of papers 



27, 



pOd . and also by Ralowski |31 



Sim- 
ilar approach has been also considered by others authors, see p5| , |36| , and 
An interesting approach to quantum statistics has been also given 
in |40| , A proposal for the general algebraic formalism for description of 
particle systems equipped with an arbitrary generalized statistics based on 
the concept of monoidal categories with duality has been given by the author 
The physical interpretation for this formalism was shortly indicated. 
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A few examples of applications for this formalism are considered in 

The generalization of the concept of quantum statistics is motivated by 
many different applications in quantum field theory and statistical physics. 
Some problems in condensed matter physics, magnetism or quantum optics 
lead to the study of particle systems obeying nonstandard statistics. It is 
interesting that in the last years new and highly organized structures of 
matter has been discovered. For example in fractional quantum Hall effect a 
system with well defined internal order has appears . Another interesting 
structures appear in the so called | electronic magnetotransport anomaly 
[^, 0, high temperature superconductors or laser excitations of electrons. 
In these cases certain anomalous behaviour of electron have appear. An 
another example is given by the so-called Lutinger liquid The concept 
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of statistical-spin liquids has been studied by Byczuk and Spalek It is 
interesting that half of the available single-particle states are removed by the 
statistical interaction between the particles with opposite spins. The study 
of highly organized structures leads to the investigation of correlated systems 
of interacting particles. The essential problem in such study is to transform 
the system of interacting particles into an effective model convenient for the 
description of ordered structures. A system with generalized statistics seems 
to be one of the best candidate for such model. Hence there is an interest in 
the development of formalism related to the particle systems with unusual 
statistics and the possible physical applications. In this paper we would 
like to discuss some problems of possibility of application of systems with 
generalized statistics for the further description of ordered structures. All 
our considerations are based on the assumption that the quantum statistics 
of charged particles is determined by some specific interactions. 



Fundamental Assumptions 

The starting point for our discussion is a system of charged particles inter- 
acting with certain quantum field. The proper physical nature of the system 
is not essential for our considerations. The fundamental assumption is that 
the problem of interacting particles can be reduced to the study of a system 
consisting n charged particles and A^-species of quanta of the field. In this 
way we can restrict our attention to study of such system. It is natural to 
expect that some new excited states of the system have appear as a result of 
certain specific interaction. The existence of new ordered structures depends 
on the existence of such additional excitations. Hence we can restrict our 
attention to the study of possibility of appearance for these excitations. For 
the description of such possible excited states we use the concept of dressed 
particles. We assume that every charged particle is equipped with ability to 
absorb quanta of the external field. A system which contains a particle and 
certain number of quanta as a result of interaction with the external field is 
said to be dressed particle. A particle without quantum is called undressed 
or a quasihole. The particle dressed with two quanta of certain species is 
understand as a system of two new objects called quasiparticles. A quasi- 
particle is in fact the charged particle dressed with a single quantum. Two 
quasiparticles are said to be identical if they are dressed with quanta of the 
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same species. In the opposite case when the particle is equipped with two 
different species of quanta then we have different quasiparticles. We describe 
excited states as composition of quasiparticles and quasiholes. It is interest- 
ing that quasiparticles and quasiholes have also their own statistics. We give 
the following assumption for the algebraic description of excitation spectrum 
of single dressed particle. 

Assumption 0: The ground state. There is a state |0 >= 1 called the 
ground one. There is also the conjugate ground state < 0| = 1*. This is the 
state of the system before intersection. 

Assumption 1: Elementary states. There is an ordered (finite) set of 
single quasiparticle states 

S :^{x' :i^l,...,N <oo}. (1) 

These states are said to be elementary (simple). They represent elementary 
excitations of the system. We assume that the set S of elementary states 
forms a basis for a finite linear space E over a field of complex numbers C. 

Assumption 2: Elementary conjugate states. There is also a corre- 
sponding set of single quasihole states 

S* :^ {x*' N,N -!,...,!}. (2) 

These states are said to be conjugated. The set S* of conjugate states forms 
a basis for the complex conjugate space E*. The pairing (.|.) : E* ®E — > C 
is given by 

{x*'\x^) := 5'^. (3) 

Assumption 3: Composite states. There is a set of projectors 

n„ : E®"" — > E®"" (4) 

such that we have a n-multilinear mapping 

0„ : E"""" — > E®"". (5) 
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defined by the following formula 

© • • • X*" := n„(x^i ® • • • x'"). (6) 

The set of n-multiquasiparticle states is denoted by P^{S). All such states 
are result of composition (or clustering) of elementary ones. These states are 
also called composite states of order n. They represent additional excitations 
charged particle under interaction. In this way for multiquasiparticle states 
we have the following set of states 

P"(5) := K = • • • x^" : (7 = (ii, . . . , in) e /}, (7) 

Here / is a set of sequences of indices such that the above set of states forms 
a basis for a linear space A^. We have 

^'^ = 7m(n„). (8) 

Obviously we have where = IC, A^ = E and A"- C E^"". 

Assumption 4: Composite conjugated states. We also have a set of 
projectors 

n* : > E*®"' (9) 

and the corresponding set of composite conjugated states of length n 

P"(^*) := {x*^ = • • • X*'' : a = (h, . . . , i„) G /}. (10) 

The set P"'{S*) of composite conjugated states of length n forms a basis for 
a linear space A*'^. 

Assumption 5: Algebra of states. The set of all composite states of 
arbitrary length is denoted by P{S). For this set of states we have the 
following linear space 

^ := A-. (11) 

n 

If the formula 

m(s0i)s = s0i := n^+„(s0f) (12) 

for s = Ilm,{s),t = Iln{i), s G E®'^,i e E®'^, defines an associative multi- 
plication in A, then we say that we have an algebra of states. This algebra 
represents excitation spectrum for single dressed particle. 
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Assumption 6: Algebra of conjugated states. The set of composite 
conjugated states of arbitrary length is denoted byP{S*). We have here a 
linear space 

A* := A*"", (13) 

n 

If m is the multiplication in A, then the multiplication in A* corresponds to 
the opposite multiplication in A 

m°P{t* ® s*) = {m{s®t))*. (14) 

Creation and Annihilation Operators 

We define creation operators for our model as multiplication in the algebra 
A 

aft:=sQt, for s,t e A, (15) 

where the multiplication is given by |T2|. For the ground state and annihilation 
operators we assume that 

(0|0) = 0, a,*|0)=0 for s*eA*. (16) 

The proper definition of action of annihilation operators on the whole algebra 
A is a. problem. For the pairing ( — |— )" : A*^ ® A"' — > C we assume in 
addition that we have the following formulae 

(0|0)°:=0, (^IjV :=(x«|x^) = (5*^(s|t)":=(5|P„t)^ for n>2 (17) 

where s,t E E^^, Pn : -E®" — > E®^ is an additional linear operator and 

{^l■■■^n\Jl■■■3nr,■■={^l\JlY■■■{3n\3n)\ (18) 

Observe that we need two sets 11 := {n„} and P := {-Pn} of operators and 
the action 

a: s* ®t (^A*^ (^A'' — ^a^.tG^^-^ (19) 

of annihilation operators for the algebraic description of our system. In this 
way the triple {11, P, a}, where 11 and P are set of linear operators and a is 
the action of annihilation operators, is the initial data for our model. The 
problem is to find and classify all triples of initial data which lead to the 
well-defined models. The general solution for this problem is not known for 
us. Hence we must restrict our attention for some examples. 
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Definition: If operators P and 11 and the action a of annihilation operators 
are given in such a way that there is unique, nondegenerate, positive defi- 
nite scalar product, creation operators are adjoint to annihilation ones and 
vice versa, then we say that we have a well-defined system with generalized 
statistics. 

Example 1: We assume here that n„ = P„ = idES>"- This means that the 
algebra of states A is identical with the full tensor algebra TE over the space 
E, and the second algebra A* is identical with the tensor algebra TE*. The 
action (|19|) of annihilation operators is given by the formula 

i^^' (S) ■ ■ ■ ® x^") := 6(1 ■ ■ ■ a;^"-'=+i O ■ ■ ■ O x^" . (20) 

For the scalar product we have the equation 

{^n■■■^l\3l■■■3nr■=5''''■■■5'-^" (21) 

It is easy to see that we have the relation and 

a^*ia^^ -.= 511. (22) 

In this way we obtain the most simple example of well-defined system with 
generalized statistics. The corresponding statistics is the so-called infinite 
(Bolzman) statistics 0. 

Example 2: For this example we assume that n„ = idE(sn. This means 
that A = TE and A* = TE*. For the scalar product and for the action of 
annihilation operators we assume that there is a linear and invertible operator 
T : E* ® E — > E ® E* defined by its matrix elements 

T{x*' ® x^) = T^ x" ® X*', (23) 

such that we have 

ra)* = r;2,i-e.T* = T*, (24) 

and {T^Ykli = T^J^. Note that this operator not need to be linear, one can 
also consider the case of nonlinear one. We also assume that the operator T* 
act to the left, i.e. we have the relation 

(x*^ x')T* = (x' ® a;*^-) tZ. (25) 
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and 

(T(x« ® x^)y = {x*^ ® x')T*. (26) 

The operator T given by the formula (^) is said to be a twist or a cross 
operator. The operator T describes the cross statistics of quasiparticles and 
quasiholes. The set P of projectors is defined by induction 

P„+i := (irf®P„) oi?„+i, (27) 

where Pi = id and the operator i?„ is given by the formula 

P„ := id + f + f (i)f + . . . + f . . . f (28) 

where T*^*-* := idE ® ■ ■ ■ ® T (g) ■ ■ • (g) ids, T on the i-th place, and 

im = . (29) 

If the operator T is a bounded operator acting on some Hilbert space such 
that we have the following Yang-Baxter equation on E ® E ® E 

(T ® idE) o {idE ® T) o (T ® idE) = (idE ® T) o (f ® idE) o {idE ® T), (30) 

and ||T|| < 1, then according to Boiejko and Speicher there is a positive 
definite scalar product 

(.|t)J := (.|P„t)^ (31) 

for s, t G = -E®". Note that the existence of nontrivial kernel of operator 
P2 = Ri = idE^E + T is essential for the nondegeneracy of the scalar product 



311. One can see that if this kernel is trivial, then we obtain well-defined 



system with generalized statistics [33, 34 



Example 3: If the kernel of P2 is nontrivial, then the scalar product (pl|) 
is degenerate. Hence we must remove this degeneracy by factoring the men- 
tioned above scalar product by the kernel. We assume that there is an ideal 
/ C TE generated by a subspace I2 C kerP2 d E ® E such that 

as*I dl (32) 

for every s* A* , and for the corresponding ideal P (Z E* ® E* we have 

as't = (33) 
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for every t G TE and s* G /*. The above ideal / is said to be Wick ideal 



IJ]. We have here the following formulae 

A := TE/I, A* := TE*/!* (34) 

for our algebras. The projection 11 is the quotient map 

U:§eTE — >se TE/I = A (35) 

For the scalar product we have here the following relation 

{s\t)B,T ■■= {S\i)T (36) 

for s = Pm{s) and t = Pn{t). One can define here the action of annihilation 
operators in such a way that we obtain well-defined system with generalized 



statistics 34 



Example 4: If a linear and invertible operator B : E ® E — > E ® E 
defined by its matrix elements 

B{x' ®x^) := B%{x^ ®x^) (37) 

is given such that we have the following conditions 

^(1)2^(2)^(1) ^ ^(2)2^(1) ^(2)^ (^3g^ 

{idE^E + T){idE®E - B) = 0, 

then one can prove that there is well defined action of annihilation operators 
and scalar product. In this case we need two operators T and B satisfying 
the above consistency conditions for the model with generalized statistics 



32, 33, 34 



Example 5: If i? = ^T, where is a parameter, then the third condition 

( |38D is equivalent to the well known Hecke condition for T and we obtain the 
well-known relations for Hecke symmetry and quantum groups |^, 5D]. 
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Physical applications 



Let us consider the system equipped with generahzed statistics and described 
by two operators T and B hke in Example 4. We assume here in addition 
that a linear and Hermitian operator S : E ® E — > E ® E such that 

5(1)5(2)^(1)^^(2)^(1)^(2)^ and S^ = idE^E. (39) 

is given. If we have the following relation 

f = B = S, (40) 

then it is easy to see that the conditions (|38D are satisfied and we have well- 
defined system with generalized statistics. Let us assume for simplicity that 
the operator S is diagonal and is given by the following equation 

S{x' ®x^) =e'^x^ ®x\ (41) 

for i,j = l,...,N, where e*-' G C, and e'-'e-'* = 1. In the general case we have 

e,, = (-l)^-g^-, (42) 

where S := (Sj^) and Q := (fijj) are integer-valued matrices such that 
Sjj = Ejj and Qij = — fijj, g G C \ {0} is a parameter |ET[. The algebra A is 
here a quadratic algebra generated by relations 

Q x^ = e'^x^ x\ and {x'f = if = -1 (43) 

We also assume that = —1 for every i = 1, . . . , N. In this case the algebra 
A is denoted by A^{N). One can see that this is a G-graded e-commutative 
algebra ||52|. Now let us study the algebra A^{2), where e" = — 1 for z = 1, 2, 
and e*-' = 1 for i ^ j, in more details. In this case our algebra is generated 
by x^ and such that we have 

x^ Q x'^ = x'^ & x\ (x^f = {x'^f = (44) 

Note that the algebra A^{2) is an example of the so-called Z2 © Z2-graded 
commutative colour Lie superalgebra Such algebra can be transformed 
into the usual grassmann algebra A2 generated by 9^ and 0^ such that we 
have the anticommutation relation 

01 @2 _ _@2 Ql^ 
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and (O^)^ = {Q^y = 0. In order to do such transformation we use the 
Chfford algebra C2 generated by e^, such that wc have the relations 

e' + e' = 2S'^ for i, j = 1, 2. (46) 

For generators x^, and of the algebra Ag(2) the transformation is given by 

:= O e\ and 9^ := x"^ O e^. (47) 

It is interesting that the algebra Ag(2) can be represented by one grassmann 
variable O, = 

x^ = {Q,l), x2 = (l,e). (48) 
For the product x^ we obtain 

xi0x^ = (e,e). (49) 

In physical interpretation generators and 0^ of the algebra A2 repre- 
sents two fermions. They anticommute and according to the Pauli exclusion 
principle we can not put them into one energy level. Observe that the corre- 
sponding generators x^ and x'^ of the algebra A^{2) commute, their squares 
disappear and they describe two different quasiparticles. This means that 
these quasiparticles behave partially like bosons, we can put them simulta- 
neously into one energy levels. This also means that single fermion can be 
transform under certain interactions into a system of two different quasipar- 
ticles. 
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